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Moments of inertia for complex shapes are normally found by dividing the cross section into more manageable sections, calculating the moment of inertia for each section, and combining the moments to find the total.  Many simplified techniques can be used to calculate the individual moments of inertia; however, normal methods of combining the moments can be complex and time-consuming.


Here are two approximate methods that greatly reduce the time required to combine moments of inertia.  The techniques give a weighted mean, “average” moment of inertia that can be used in standard beam equations.  Both methods are conservative in that they provide moments slightly lower than those found with more accurate methods.


The first method can result in natural frequencies that are 3% to 12 % too low and deflections from 5% to 24% too high, depending on the geometry.  The second  method is more conservative, resulting in frequencies from 5% to 17% too low and deflections from 10% to 35% too high.  Errors of this magnitude are not great when compared with deflection errors of 100% or more that easily result from simply misjudging the edge or loading conditions of a beam.


The first method of approximating the average moment of inertia is based on the equation
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(1)

where Li = length of the individual sections, and Ii = moment of inertia of the sections.


The second method approximates the average moment of inertia as
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(2)

Accuracy of the calculations can be improved by making the section lengths as small practicable.

To test the accuracy of the methods, consider a simple tapered beam made of aluminum, as shown in the figure.  The classical strain-energy method gives the deflection at the free

end as 0.0165 in. and the natural frequency as 24.4 Hz.  The equations for this method are highly complex, however, involving natural logs and power relations.
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Moments of Inertia for Axle Sections

Section
Moment of 
Length
Product


Inertia (in.4)
(in.)
LiIi
____________________________________________________________

AA
48.5
12.0
582

BB
20.0
14.0
280

CC
33.2
6.0
199

DD
42.0
30.0
1260

EE
38.8
8.0
311

FF
33.2
6.0
199

GG
20.0
20.0
400

HH
48.5
     12.0
582



108.0
3813

To use the approximate methods, the beam must be divided into sections (two in this case), and the moments of inertia found for each section.  Here, 1l = 0.1250 in.4 and I2 = 0.2083 in.2  Therefore, from Equation 1
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Deflection at the free end of a uniform beam is 
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Substituting the correct values into this equation gives Y = 0.0200 in.  Natural frequency is
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Thus, this method gives a deflection that is 21.2% too high and a natural frequency that is 10.4% too low.


Equation 2 gives Y = 0.0212 in. (29.1% too high) and f = 21.4 Hz (12.3% too low).  The accuracy of both methods can be improved, of course, by dividing the beam into more sections.


The convenience of using these equations is better demonstrated by considering a more complex beam, such as the truck axle shown in the figure.  
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The axle has several different cross sections, changing from rectangular to elliptical along its length.  Therefore, no exact equation can be developed to describe this beam, and almost any approach will result in substantial errors.  The approximate methods used here will result in errors comparable to those inherent in other methods.


The moments of inertia for the different cross sections are listed in the table.  Using Equations 1, Iav = 35.3 in.4  Natural frequency is
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